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1. Introduction

It was In about 200 B.C. that Archimedes calculated pi by using perimeters of
polygons which circumscribed out or inscribed in a circle. He got pi, which is correct
two places of decimals by using regular 96 sided-polygons.

A lot of mathematicians had calculated pi by using this geometrical method. Of
all the mathematicians, Ludolf van Ceulen (1540— 1610) had devoted his life to
calculating pi, which is correct 35 decimal places by using regular 2°- polygons.

Though, this geometrical method had completed by Willbrod Snellius (1581 —
1626) and Christian Huygens (1629— 1695), the calculation of pi had not
developed till the late 17th century.

After the binomial theorem and the differential and integral calculus had
discovered, James Gregory (1638— 1675) discovered the series for pi, in 1671,
which we human beings had long looked forward to. It took almost 2,000 years to
find it since Archimedes’ pi.

Let us study pri in the pre- and post- Archimedes' times.

2. Ancient Egyptian Pi
An English antique collector, A. Henry Rhind purchased the ancient Egyptian
papyruses in Luxor in 1858. They had been transcribed from the older ones by

priest Ahmes from B.C. 1849 to B.C. 1801. They are called "Rind Mathematics
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Papyrus.”

A mathematics historian, August Eisenlohr read and commented on it in his
report in 1877. The following sentence is one of them, finding the area of a circle
having a diameter of nine "roothen" (unit of length), let us square the difference of
the diameter and its one fifth.

If we calculate it in a modern style, it goes as follows, letting d be a diameter of a

1 8
circ/e, we find (The area of a circle = (d Ed)2 = (g)zd2

d 2
Because, the area of a circle is p E}, we get (Ed)z = p(E)Z
9 2

—(16)2 3.16
P=(3 :

The ancient Egyptian had no idea of pi, but this means that they calculated the

area of a circle by using 3.16 as pi. How did they get the fraction 57

There are three views about this as follows;
N
(D) We consider two squares circumscribed
N
about or inscribed in a circle with a radius N
N
of 1. N
(A side of square inscribed in a circle) 17z,
1 7 4
= — — /
V2 9 /
8 7 y
Fraction ) is a mean of 1 and 9
(Fig.1)

(2) Deforming a circle to a square without changing its area and corresponding

P

points A, C to points B, D respectively, we can measure the arc length AC and

length BD, and let them as follows, KE g BD
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Letting d be a side of square and r be a radius of a circle, we find

D ,/’/ RS _ = EX E r = _
9 2

/ ' Using and , we get

(3) We can find the area of a circle by

counting square units. ro

Consider a circle inscribing in a square

whose side is 9. We count nearly 64 squ-

- - . - - 1
are units contained in a circle. This means !

1

______________ I

] 1

five squares whose areas are 9, four rectan- \ L
L

1

9/2 and a square whose area is 1, are 64 in |~

1 }2 _ 2
5| °
(Fig.3)
3. Expansion of Pi (From the end of the 17th century to the beginning of the 18th

gular equilateral triangles whose areas are | N\ - --|-- - I R a

8

9

total. 64x

century)
(1) Gregory's series (Leibnitz’s series)
The following series was discovered by James Gregory (1638— 1675) in 1671

and rediscovered by Leibnitz in 1673. This series was the one which human beings
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had long looked forward fto.
B =1 i + E i + ..
4 3 5 7

ax .
Proof: f 1+ x2 tart x (W 1)

dx
Jros=fa wex s o

Remark. The convergence of this series Is slow but the next three series are so fast

that they are practical.

(2) Euler’s series
p _ 1 l(l)3+ 1(1)5 N 1 1(1)3+ l(l)5
4 |2 32 5'2 3 33 5'3

This series was discovered by Leonhard Euler (1707— 1783) in 1737.

a +
Proof: tanl a + tan? b = tan?

1 1
Puttinga = —, b= —in , we find
2 3
1 1
tan? 1 = tan! — + tan! —
2 3

1 1
= tan! — + tan! —
2 3

1

P
4
P_ 2 E(E)s + _(E)s } + {i E(E)s + i(i)s
4 2 32 52 3 33 5'3

By using , we get
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(3) Hutton's series
P _, 1 1(1)3+ 1(1)5 .\ 5 1(5)3+ 1(5)5
4 “la 34 54 99 3'99 599

This series was discovered by Charles Hutton (1737 — 18253).

b
Proof:  tan! a tanl b =tanml —— ...
+ ab
Putting (a, b) = (1 1) (3 1) (7 1) in we get the following three equations
9 @u= ) 5 ) %3 g e g g . '
p 1 3
— = tan! — + tan! —
4 4 5
3 1 7
tan! — = tan! — + tanl -
5 4 23
1 5
tan! — = tan!l — + tan? —
23 4 99
*)
p 1
— = 3tanl — + tanl —
4 4 9
p __[1 1(1)3_*1(1)5 N 5 1(5)3+1(5)5
4 |4 34 5147 99 399 599

(4 Machin’s series

ol iy )L ke ik
4 5 3'5 5°5 239 37239 5239

This series was discovered by John Machin (1680— 1751) in 1706.
1
Proof: Putting a = b = = in

, we have
5
—x 2
1 12 120
4tanl — = 2tan! — = tan?! = tanl —
L (Cy 119
12
1 1 120 1
4tan! — tan! — =tan! — tan! —
5 239 119 239
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120 1
119 239 p
=tanl! ——— =tanl 1 = —
120 1 4
It——x —
D 1 1 119 239
— = 4tan! — tanl ———
4 5 239
1 11 11 1 1 1 1 1
=4o (P F 22 5 (ol 25 )
5 3'5 5'5 239 3239 5" 239

! 7 1 1 1
(5 Stormers series P = Btant (=) + 2tan (—) + tan? ( )
4 8 57 239
This series was discovered by Fredrik Carl Mulertz Stormer (1874— 1957) in

1896.

: a+b+c abc
Proof. tanta+tantb+tantc=tan! ——n——— ...
1 (ab + bc + ca)

1
Puttinga:b:czgin , we have

1 191
6 tanl— = 2 tanl —
8 488

1 1 191 1
6tanl! — + 2 tan! — =2 tanl! — + 2 tan!l —
8 57 488 57

91
2 tanl —
221

119
tanl —
120

119 1 1 119
6tanl — + 2tanl — + tan! — =tanl — + tanl —
120 57 239 120 239

tanl 1 =

INJhe!
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Results of Pi calculation

by using software, Mathcad 2000 Professional (MathSoft,Inc.

’ ! 1 1
Gregory's Euler’s T 5 )2 . (_l)k+l(§)2k-1
n
( D 42 + 42 S
4 _
kZ::‘ 1 2k 1 A
n=1 4
n=500 3.13959265558979 n=1 3.33333333333333
n=5000 3.14141050422882 n=500 3.14156158787759
n=7000 3.1414590709027 n=1000 3.14159267045069

n=1500 3.14159265357837

n (_ 1)k+1( %)21(—1 n ( l) k+1( )2k 1

Machin's
16 - 4 =
L L A

n=1 3.18326359832636
n=90 3.14159265362355

: 1
Stomer's ] (_1)k+1(§)2(_1 . (1)k+1(§)2k1 n (CDR 39 )z<1
24 — + 8 Yy 4

;: 2k 1 Z‘A 2k 1 +4 Z

k=1 k=1

n=1 3.15708727886662 n=7 3.14159265358984
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