Solutions and Permutations (2008)

| studied the formulas for the solutions of quadratic equation in the third year of junior high
school and the Cardan's formulas and Ferarri's method in a freshman year of college. At the last
stage of the theory of equations, | studied Galois theory in a sophomore year. | would like to
briefly state the theory of equations and let it be a data on my consideration.

1. Formulas for the solutions of equation
We can find the formulas by using the following factorization.
1) & b= (a+ b)a b

2 a8+ b+ 3abc=(@+b+c)az+ b2+ 2 ab ac bo)
3 a+ bt + ct+ d* 2a@? + akc? + a2 + b2 + b2d? +cd?) 8abed
=-(-a+b+c+d@a b+c+da+b c+dfa+b+c d
(1) For the general quadratic equation x2 bx + ¢ = 0,

setting x =y + —,

we find an adjoint equation y2 p2= 0 where p = \/_D D = Db A4c.
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By 1)
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y==%p 5
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(2) For the general cubic equation X3 bx2 + cx d = 0,
b
setting x =y + LIRS (B8)
we find y3 + = 0 where =c il =d be + 27
y+py qg= p= 3’ q= 3 T

Setting p = - 3uv, q = uw + V3 we find

w+v=gq uwB=(- 2)3.

Because u3, V@ are solutions of the adjoint equation t2 qgt+ (- %)3 =0,

q q p
t=— % R h R = (%) + (%)3
S+ VR whee R= (22 + (D)

u=31/%+\/ﬁ,v=3‘/g JR .



By 2) y+uw+Vv 3uwy=(yY+u+WV)y2+u+\v yu yw w
Sy Uty Uy wAy + vy +ouyd).
=-u v, -uy wA - vy uy?
By (B)

X:Euvbu 2b u2
3 ,3yvy,3vyy.

Remark: y : a primitive cubic root of unity, y3 =1, 1+ vy + y2=0.
(3) For the genera biquadratic equation X* bx3 + cx2 dx + e = 0,

b
stting x =y + IR ©

we find y*+py2 gy +r =0

3h? bc b3 bd b2c 3b*
wheee p=¢ —, g=d — + — r=e — + — —.
8 2 8 4 16 256
Setting p = - 2(u2 + V2 + wR),
g=8uww, r = u* + v+ w 22 + 1AW + VAwWR), .. (D)

the given equation is factorized by 3) as follows;
yt 2 + v+ wWy 8uwwy + {ut + v+ wh 2(UA2 + uAW2 + vAnR)}
=S CYFURVEWY U VEWY U VWY Uty W)

By (D)

u2+v2+W2=—g

uAV2W2 = (%)z

p? r

VA2 + uawW? + vw? = —
16 4

Because U2 V2, w2 are the solutions for cubic equation (t wW)(t V)t w2 =0,

we find
B (W + v+ wWt2 + (U2 + uw? + vawdt udvaw? = 0.
p 5

r
£+ DR (o o (%)2 =0 ( Adjoint equation )

This reduces to (2).

Remark: We can find the roots of equation from which coefficients by agebraic operations and
radical extensions. Since the coefficients of equation are symmetric expressions, the coefficients
do not change by permutation on the solutions. That is why the Galois extensions begin with an
isomorphism.



2. The solutions of adjoint equation and permutation
The solutions of adjoint equation do not change by permutation on the solutions.

(1) We can replace the quadratic equation ¥* + px g = 0 py the following adjoint

equation.
v pP=0 where p:@

Let x1, and X2 be the solutions of the given equation,
D = (X1 Xz)2
y2 = E(Xl X2)2
4
1 1
y = E(Xl Xo), E(XZ X1)

Therefore the solutions of adjoint equation are not changed by the permutation on X1 and X2

(2) We can replace the following cubic equation,

p
2 g+ (- -p@=0
at+ - 3)
b2 bc 2b3
where p=c¢c —, gq=d — + —.
3 3 27

Let X1, X2 and Xs, be the solutions of the given equation and u and v be the solutions of

the adjoint equation.

b b b
— + U+, =- — + + 2 =- — + 2 +
3a X2 3 uy + vwe, X3 3a uy vy

Since y3=1y2+y +1=0,

X1 = -

1 1
u=§(><1+yxs+y2Xz), v=§(xl+sz+y2X3)

1 1
uy=E(x2+yx1+y2x3),Vy:g(xg+yx1+yZX2)

1 1
Uy2=§(X3+yX2+y2X1)vvy2=§(X2+yx°>+yle)

Since the adjoint equation is a rational equation of X1, X2 and X3, we can find

the other solutions by the permutations on X1, X2 and X3 from X1 + yX + y?X.

(3) We can replace the following biquadratic equation by the following equation,
which has solutions W, V2 and W2
p p2 q
B+ - t2+(= )t (-)2=0
2 (16 4) (8)
Let X1, X2, X3 and Xs be the solutions of the given equation and t1, t2 and ts be the

solutions of the adjoint equation,



u=i\/T1,v=i t2,W='_|'\/t—3..

Under the condition uvw = - 8/q (constant) we consider the sign of three letters u, v and w
if the signs of two letters out of three letters are determined, the sign of another letter is

necessarily determined. So it is all right to fix 4/t,, 4/t. andy/ts as one of the combination
of the three solutions u, v and w.

y1:\/T1+\/T2+\/T31y2:\/T1 \/TZ \/T,
b= Vi V& VB vz Vi VG
yit+ Y2 Vs y4=4\/T1, Yi Y2t V3 y4=4ﬁ,
yi Yo y3+y4:4JT3
1 1
2 = + 2 2 = + 2
u T 1 +Yy2 ys Yo% V T 1 Y2 + Y3 Y42
W2=i(y1 Y2 Y3+ ya)?
16
B =X+ —,
y y=X 4a
u = i(X1+Xz Xs Xa)?, V2= i(xl Xo + Xg  Xa)2
16 ' 16 '
W2:i(xl X2 X3t Xa)?
16

Let X1, X2, Xs and X4 be the solutions of the given equation, the solutions of the adjoint equation
are the polynomial of X1, X2, Xs and . One of them is X1 + Ixo + 12 + I3 (1 = -1),
and we can find other solutions by the permutations on the solutions X1, Xz, X3 and Xa.

3. Formation of symmetric group

=1 (012

S5 = 1 a3 2 3)
a2 (123 (132

1 a4 @ % G4

S = a2 (@249 142 |QDEH
@3 |@34 a3)@4| @43
23 |@HE3| @239 2 43)
(123) |(@Q234) | (1423)| (1243)
(132 |(@324) | 1342 (1432

Ss=S4+S (15 +S4(25) +S4(35 +S4(45)

Sn Sn—l + Sn—2 tl + Sn—3 t2 + ...t Sn—l tn—l

In generd,

wheret; = (1 n), t2=(2 n), ..., tha = (N-1 n)



4. Normal subgroup of permutation grouop
1) All the permutation is generated by the transpositions (1 n).
(1) Cyclic group
(i) = @HANAK
(2) Transposition
() =@apain
2) Permutation group G is generated by transposition (1 n)of X1 — Xn.
Let H: 1 s 83 ..., &
As H contains , H:Xx - x
When t2 = (1 2),

Htz @ to, Sotz, ..., St2 * X1 & X
When t,= (1 n)
Htn @ th, Sitn, ..., Sth 2 X2 o Xn

G =H + Htz + Htz + .., + Hty
3) If His invariant group, then tiHt is invariant permutation.

tlisx o X1
Hisxi o x1
tisxt o X
tTHtisx - X

Remark: (xi %) is denoted by (i j).

5. Alternating group

Az =1

Az = {1, (123), (132}

A, = 1 QA2)BH|ACH| A DHE?3
4 =

123) @34 | (142 132
132 143 | (234 )

As = As+ A (12 345 +A14(13)(245) +As(1 4235 +As(15)(2349
Remark: (1 2) 345), (13)(245), (142 35), (15)(234): even permutation

1) Alternating group is generated by cyclic group (i j k).
ijk=30)G0K ... even permutation
2)  Commutator subgroup of Sn is alternating group An.
(ijk=G@0j]mikINHmjil ki
=@ gm kDG j mri k)
3 (jRr=(kji



6. Symmetric group and Alternating group

i) |: SniAnl=2
s (ES ) is odd permutation then sAn is odd permutation.

If
Sh = An + SAq

2) Anis a Norma subgroup of Sn

7. Compositio series
S p>E where E = {1}
[S2 :E] = 2 (prime)
Ss > As > E
[Sz :Asz] = 2 (prime), [As :E] = 3 (prime)

S > A Vap KD E
Va=1{1, (1 234) 13)(24, (12 3)}

K=1{1 (1 3)(2 4)}
[S3 : As] = 2 (prime),

Ss > As > E
[Ss : As] = 20 (non-prime), [As :E] = 60 (non-prime)

[As :E] = 3 (prime)

Remark: Va Klein four group (Vierengruppe)

8. Minimal polynomial
Definition
If E/ F be an extension field, then there is a monic polynomial whose coefficients
belong to F, and having aroot @ on E. When the dimension of the polynomial is

minimal, we call this polynomial minima polynomia of a over F.

9. Simple extension field
1) Definition
Let E/ F be an extension field, and let S be a subset of E. Then the smallest subfield of
L containing F and S is caled the field obtained by adjoining S to F and is denoted by

F(S).
.» d) which is obtained by

2) Theorem
Let F be the number field, then the field F(a, b, c,
adjoining algebraic number &, b, ¢, ..., d isasimple extension field.
F(a, b, c, ..., d = F@®
It suffices to prove F(a, b) = F(t).
Let f(x) be a minimal polynomia of a and 9(X) beof b. Let @ = ai, a, ..., a
a a
#z C

... b be of 9(X), where b b

be a root of f(x) and b = bi, by,



Setting t = a + cx, fi(X)
filb) = f(t cb) = f(a)

ft cx) where fy(X) & F(t) [x]
0

fi() = f(t cby) 2 f(@) =0
t chy=t cb+clb b
=a+cb b
£ a4 a_a # C
b b
fil) # O

Since f1(x) and g(x) have a common root b, fi(x) = x b

b & F(t)
Similary,

since gi(x) and f(X) have only one common root a, gi(X) = x a

a E F@)
F(a, b) FO) o (1
t=a+cb & Fa b)
FO Fa b ... 2

By (1) (2), K@, b) = K1)
Example  Q(y2, ¥3) = Q(W/2+ y/3)  Q Rational number field
Example The field of rational numbers has no automorphism except the identity.

Theorem (Extension Theorem)

Let E/ F be an extension field and S be an isomorphism over F, we can extend € over E.
And the number of extensionisn. [E :F] =n

E ... g o> S(B)
n
Fo > s(F)

It suffices to prove this theorem in case E is an extension field of F.
(i) Let f(X) be irreducible over F, then S(f(X)) be irreducible over S(F).
If s(f(x)) is not irreducible,
s(f(x)) = g(x)h(x).
Since € is isomorphism and there exists €%,
st s(f(x)) = s1(9(¥) * (h(x))
f) =s1g(x) s* (h(¥)



This contradicts the fact that f(X) isirreducible.
s(f(x)) is irreducible.
(ii) E is closed under agebraic operation
Let k, | E E

Because E = F(h), [E: F] = n,
k=fo+fih+ . +fuahl fiEF
=@ +0h+ ... +0guh gEF
s(k) = s(fo) + s(fys(h) + ... + s(fa)s(h)™*
= f)) + s(fysh) + ... + Sfrr)s(h)™?
Simiraly,
s() = s(go) + s(g)s(h) + ... + s(gna)s(h)™?
sk 1) =sffo go) + (i gys(h) + ... + S(fax Gna)s(h)™?
= sk s(l)

(iii) The number of S isn.

Because E is a simple extension field of F, E = F(h).

Let the minimal polynomia be f(h) = h" +a h + .. +a a EF

f(h) =h"+a h+ . +a =0
s(f(h)) = s(h)" + s(ay) s(h)™ + ... + (@) = 0

Because s(h) is root of the equation above, the number of S isn.
Definition

Let E/ F be afield extension. The Gaois group is the set of automorphism of E that fix
F pointwise. This is denoted by Gal (E/F).

Theorem (Normality theorem)

Lee F B E beatower of fields, B / F be the splitting field of f(X) & F(x)

and E / F be the splitting field of 9(x) & F(x).
Then Ga (E / B) is anormalsubgroup of Gal(E / F),
Gal(E/ F) / Gal(E / B) = Gal(B / F).

E oo, > G(E) = Gal (B /F)
n

B oo, > G(B) = Gal (E / B)
N

Foonnin, > G=Ga (E/F

Let s & G, it suffices to prove s G s G(B) -



B is a Galois extension of F.
Let s g st E sG(B)s? and x E B

s g sY(c) = s(gsY)(0

ss(c)
=c
s G(B) st  G(B)
Gal (E / B) is a normalsubgroup of Gal (E / F).

By the First Isomorphism Theorem, we find
Gal(E/ F) / Gal(E/ B) = Gal(B / F).

Theorem Galois group G of f(X) over F is symmetric group Sn.
Let n 5 S isnot solable group.

(i) K =F(a, a, ..., a) isasplitting field of f(X) and a is a root of f(x).
Because Sn is a subgroup of Galois group of K over F,
[K :F]= degree of G degree of Sp = n!. .. ...
F Fa) F@, &) F(a, a2 ..., an) = K
[K :F]=[F@) :F] ... [K :F(a, @, ..., an] n!
By G=5&
() Ss > An > E

Let N be a normal subgroup of An (N 5) since aternating group An is genarated
by (i J K), then N contains commutators.
N = An

We can not have the series of residue class groups. Therefor Sn is not solvable.
(n 5

Remark: Cyclic group is commutative and its order is primitive number.
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