A Bridge between Finite and Infinite (2008)

1. Fermat's Little theorem and Cyclic group
Lemma
If pisaprimeand a gnd b are integers, then

(@ + b)p ar + br (mod p)
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(@a+ b) P =2 + b (mod p)

Theorem (Fermat)
If pisaprime then &> = a (mod p)

Proof Let p(a) be the proposition that a» = a (mod p)
The p(0) and p(1) are of obvious.
The proposition p(a + 1) implies
@+p= a+1 (modp) .....ocvvvenn. (@)
Using Lemma, we find
@+1p= a+1 (mdp) ........... 2
By (1) and (2), we find
aa+1= a+1 (modp)
a» = a (mod p)
Example 142857
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The remainders of the successive powers of 10 (mod 7) are 1, 3, 2, 6, 4, 5, 1. This shows
that 10 belongs to the exponent 6 (mod 7) and the period is 6.

power of 10 | 1 10 107 10° 10¢ 105 10° 107 10° .,
remainder(mod7)| 1 3 2 6 4 5 1 3 2 ...
repeats
Remark If p is a prime and (@ p) = 1, then the set {1, a, @, ...... , @2} js caled a
cyclic group.
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2. Finite fields Fp
Let Z be aset of al integers and let p be a prime, then the following residue class Z/ p
consists a finite field. We generally denote Z/ p as Fp.

Fo =2/ p= {0 (mod p), 1 (mod p), ...... (p 1) (mod p)}
. 0
Example If wedenote p 1 (mod p) as (P 1)' for short,
Fs = {0, 1, 2}
0=1{.,-3036, ..}
r={..-2147 .) , T

2=1{.,-12158, .}

These remainders modulo p can be added and multiplied. Take the usual sum or product; if
the result exceeds p, replace by its remainder on division by p.
For the Fs, this sum + and the product x are those given by the following tables:

+lo 1 2 x| o1 2
olo 1 2 0|0 o
11 2 o 1|12
22 o 1 2|21
(Table 1) (Table 2)

Remark

(1) For each x there is ay such that x +y =0. We cal Y the additive
inverse of X and denote it by the symbol - x. For instance, 2' is the additive inverse of 1'
because 2 + 1I' = 0. So 2 = - 1. More generaly, the additive inverse of any X in Fp
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is (@ ¥ (mod p) since {x + (p x)} (mod p) = p (mod p) = 0,

(2) If x y=1, the dement y is called the multiplicative inverse of X. We denote Y
by the symbol X% I n Fs every nonzero element has a multiplicative inverse. For instance,
1"x1 =1 and so I'*=1. (Also 21 =2").  Thus Fp forms a finite field.
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